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POWER FORMULA
TRUE OR FALSE

Indicate whether the following statements are true or false.

1. The power rule for integration provides us with a formula that allows us to Answer: True
integrate any function that can be written as a power of x.

2. The power rule of integration can be applied when n=-1. Answer: False

3. The power rule says that: [ xn dx = (xn+1) / (n+1) + C (where n = -1). Answer: True

4. Theintegral of [ 1/ () dx using power rule is x__,, + C. Answer: True

5. We cannot integrate polynomials, negative exponents, Answer: False

and radicals using the power rule,

EVALUATE

Fvaluate the following:

Evaluate I?xﬁdx Answer:x + C
7. Evaluate [(3 X — ‘-h + 7") dx Answer: X — %x\,'ﬁ +7x+C
8. FEvaluate j'l{?"x2 — 8x")dx Answer: X —x + C
9. Evaluate [(8x + 4)(2x + 5)dx Answer: lf:x?E + 24X +20x + C

— S R
10. Evaluate [*\x' Answer:% Vx 4+ C



EXPONENTIAL FUNCTION
TRUE OR FALSE

Indicate whether the following statements are true or false.

1.The derivative of f(x)=5 * isan exponential function. Answer. True
2. All exponential functions have vertical asymptote. Answer. False
3. The range of an exponential function is a set of all positive real numbers. Answer. True
4, The y-intercept of all the exponential functions is 1. Answer. False
5. The Domain name of an exponential function is a set of all positive real numbers. Answer. True

INTEGRATE

Integrate the following:

6. Integrate f(2—3ex)d.x Answer. 2x - 3¢ +C
7. Integrate [ ex(1+29x)4dx Answer. (1/10)(1+29x)5+ CI
983: e
8. Integrate f(e4x— e_4x)2dx Answer. —— - 2x - 98 +C
x X x, 10 x 11 x, 12
9.Integrate [ e (1 — e )(1 + ) dx Answer. (2/11)(1+e") - (1/12)(1+e") "+ C
Sx, e 3 7x 2x
10. Integrate [ e (—+—= )dx Answer. (1/49)e "+(3/2)e” + C

e



SPECIAL COMBINATION
MATCHING TYPE

Match Column A with Column B.

COLUMN A COLUMN B
1. [secutanudu a. —cot u + ¢
2. f csc? u du b.tan u + ¢
3. [ sec® u du c.—cscu+ ¢
4, f csc u cot u du d. sec u +c
5. —cotu—+ ¢ e. f ese? u du

INTEGRATE

Integrate the following:

6. f (csc3y + cot 3y) Edy
7. [ tan® y secy dy
8. f 5sec4f tan 46 df

g, / sec! 3z tan® 3z dr

10. / cot? y dy



TRIGONOMETRIC FUNCTIONS

ANSWER

Answer the following questions.

1. The integration of a function f(x) is given hy F(x) ANSWER: [f(x)dx = F(x) + C
and it is represented by what?

2. What will you use to integrate this given trigonometric ANSWER: trigonometric
function cos x = (l_c—fzx)? identity

3. According to the properties of integration, does the integral of ANSWER: Yes

sum of two functions equal to the sum of integrals of the

given functions?
4, What is the integral of the function sinx? ANSWER: -cscx+C
5. What is the integral of the function cosx? ANSWER: sinx+C

EVALUATE

Evaluate the following:

6. Evaluate [ 6sec 3x tan x 3x dx ANSWER: 2sec3x+C

7. Evaluate [ cot ax csc ax dx ANSWER:— 4—1a(cot4ax) + C
8. Evaluate [ 7cos?9xdx ANSWER: %x + %ng +C
9. Evaluate [ (cscbx + cot6x)2dx ANSWER:— %cotéx - %Csc(ix -x+C

10. Evaluate [tan7xdx ANSWER: — %Icos(?x} + C



HYPERBOLIC FUNCTIONS

TRUE OR FALSE

Indicate whether the following statements are true or false.
1. Hyperbolic function are defined in terms of exponential functions. Ans: True

2. The properties of hyperbolic function is analogous to the trigonometric function.  Ans: True

3. Hyperbolic function cannot be used to model catenaries. Ans: False, (can be)
4, The hyperbolic function [ coth u du is equal to — In[sech u] + C. Ans: True
5. The hyperbolic function | cosh u du is equal to — In[csch u] + C. Ans: False, sinhu + C

INTEGRATE

Integrate the following:

6. [ ;;;hhzz dx Ans: arctan(sinh(x)) + C
7.J,"* 4e* sinhx dx Ans: 15 — In 16 or 12.227
8. [ e3* sinh x dx Ans: eu_;ezx +C

9.]%0& Ans:é]n(6+55inth+C

10. [ 6e* sinhx dx Ans:%e” —-3x+C



INVERSE TRIGONOMETRIC
FUNCTIONS

TRUE OR FALSE

Indicate whether the following statements are true or false.

1. Unless the domains are restricted, trigonometric functions are not Answer: TRUE
one to one.

2. There are six inverse trigonometric functions. Answer: TRUE

3. The rule on integration only mentions three integration formulas. Answer: TRUE

4. Inthe list of integrals of inverse trigonometric functions, there is a Answer: TRUE
formula for each inverse hyperbolic integration formula.

5. The constant g is assumed to be zero in all formulas, and C is the Answer: FALSE

constant of integration.

EVALUATE

Fvaluate the following:

6. Find the values of sin(cos™ 5/6) Answer:
7. Find the values of cos(tan™ 2/3) Answer: \/1—:
1 2
8. Evaluate fxidx Answer: %sin ( 91 ) +C
V16—81x"
o dx 2 -1 .fx
9. Evaluate | YA Answer: —tan —> + C

10. Evaluate [ 10 Answer: losec_1(4x) + C

n/8x -1



INTEGRALS OF TERMS
INVOLVING U2+ A2 AND A2-

EVALUATE

Evaluate the following:

1. Evaluate [—=—dx

x x —9

2. Evaluate [ ? dx

. 2x

\ T—e

3. Evaluate [ dx

Vx —a

4. Evaluate [ —% dx

A 2—cos “x

5. Evaluate [ dx

J1—4x"

INTEGRATE

Integrate the following:

6. Integrate [ E_’ —dx

36

7. Integrate [ dx

Vx +16

8. Integrate [ —2—dx
\49—x

9. Integrate [ dx
x+4

10. Integrate [——dx

16+ x

Ans: asec(%) +C

"\;" 7¢"
7

Ans: In (|x + \Jx’ - a2|) +C

Ans: — m‘csin(@@—:) + C

Ans: arcsin( )+ C

Ans: ms";(z") +C

x+6
x—6

L1 2 4
Ans:-In|x +yx + 16+ C

Ans: 2 arcsfn.(%) +C

5
Ans:——In | | + C

2
Ans: 2In(x" + 4) +%arc‘tan (%) +C

Ans: %arctan (i) +C



INTEGRATION OF POWERS &
PRODUCTS OF SIN & COS

EVALUATE

Evaluate the following:

1. fxgcos:r dz

2. / sin 30 cos 46 df

3. / sin® yecos® y dy

4, / x sin 3z dzx

5. f (siny+cosy)2dy

ENUMERATE

Enumerate the derived form of the following sine/cosine
product identity

6-7. cos A cos B = 12[cos(A — B)+cos(A + B)]  Ans. cos(A + B)= cos Acos B — sin Asin B
cos(A — B)= cos Acos B + sin Asin B
8-9.sin Asin B = 12[cos(A — B)—cos(A + B)]  Ans. cos(A + B)= cos Acos B — sin Asin B
cos(A — B)=cos Acos B+sin Asin B
10. sin A cos B = 12[sin(A — B)+sin(A + B)]  Ans. sin(A + B)=sin Acos B — cos Asin B
sin(A — B)= sin A cos B + cos Asin B



INTEGRATION BY PARTS

ANSWER

Answer the following questions:

1. In [ sec® x dx what will be the value of u?
2. What is the formula of integration by parts?
3. ILATE is used in determining and prioritizing u. (True or False)

4. In the ILATE, the | mean Integration. (True or False)

5. In the ILATE, the E means exponential. (True or False)

Integrate the following:

6. J, a? cos(6a) da Ans: %

7. 123+ 5x)e dx Ans: 242.4851
8. [x*Inxdx Ans:

x3(51n(x)-1)

(e**-2)sin(e?*)

Ans: sec x

Ans: [ udv =uv — [ vdu
Ans: True

Ans: False, (Inverse function)

Ans: True

+C

9. [ €% cos(e?*)dx Ans:

10. [ e** cos(2x)dx Ans:

et (sin(2x)+2 cos(2x))

+ e?* cos(e?*) + C

+C




INTEGRATION BY
TRIGONOMETRIC
SUBSTITUTION

TRUE OR FALSE

Indicate whether the following statements are true or false.

1. The three common trigonometric substitution are the

restricted sine, restricted tangent and restricted secant. Ans: True
2. Typically trigonometric substitutions are used for problems

that involve radical expression s? Ans: True
3. In integration by substitution, when va? + uZ the value of u is atan 6. Ans: True

4. In integration by substitutions, when Va? — u? the

value of du is a sin” 6 dé. Ans: False, a cos 6 d@

5. In integration by substitutions, when Vu? — a? the

value of du is a cos? 6 d6. Ans: False, a secO tan 6 d@

INTEGRATE

Integrate the following:

e = . _
G.I%dx Ans:—me—sm 1(%)+C

7._[\;1—6}?2 dy Ans:ﬁ[sin_l(\f@)+@\/l—76yz]+C

8. f cosx V4 + 25sin2 x dx Ans: = 2In([V25sin ;MmeD + sinx 1_2531:2&) +1+C
9. f; 2x5V4 + 16x%dx Ans: = 2546.1589

-4 3
10. f—e. xj\mdx Ans: = —0.015301



INTEGRATION BY RATIONAL
FUNCTION

INTEGRATE

Integrate the following:

1. / 43:;_3 dzr Ans. 3]11|33— 2|—L — £1n|$+3|—|—0
(z —2)%(z + 3) 25 5(x—2) 25
4 1 1 1 1
2. ——d Ans. 4| —1 20l————— — zInjz - 2|-—————- | +C
/ @ —a)? e (32 R Ty T 2))+
3. / 3; dz Ans.3(—ih1|x—|—l|—; —I—ih1|:c—3|)—|—c
(z+1)(z—3) 16 4z+1) 16
4 ] 2 dz Ans. 2 —lln|:c + 2|+1]11|3: — 4| )|+C
' (z +2)(z — 4) ' 6 6 ’
3
5. / PR — Ans. 3(In|z + 2|— In|z + 3|)+-C

TRUE OR FALSE

Indicate whether the following statements are true or false.

6. At-times, integration of a proper rational function leads to a logarithm.  Ans. True

7. The partial fraction decomposition of Ans. True
2 +3 . 2 3
z2 B 2

8. A polynomial function is a rational function. Ans. True

9. Partial fraction decomposition is most effective in
integrating rational functions. Ans. True

10. We can use algebraic techniques to integrate the ratio of polynomials. Ans. True



WALLIS FORMULA

TRUE OR FALSE

Indicate whether the following statements are true or false.

1. g is the a value if the m and n are both positive even? Ans: False,g

2.1 is the a value if the m and n are either or both odd? Ans: True

3. We use Walli's formula if the upper limit is g Ans: True

4. We use Walli’s formula if the limit is 0 to —. Ans: False, (0t0 )
5. In Walli’s formula, ¢ is known as skip factorial. Ans: True

INTEGRATE

Integrate the following:

z 128
6. [2sin®v cos? v dv Ans: -
0 3465
z 8
7. [z cosBa sin®a da Ans: —
1287
= 3w
10 cim b + .
8. [0 sin°(5x) cos*(5x) dx Ans: —
9. [* x?(a? — xz}%dx Ans: ™%
Jo T 32
= 8
10. [#sin*(3x) cos®(3x) dx Ans: o—



ODD AND EVEN FUNCTION

TRUE OR FALSE

Indicate whether the following statements are true or false.

1. Odd Function is unchanged when rotated 180 degree about the origin.
2. The definite integral of an odd function is always 0.

3.1ffis odd then [ f(x)dx = 0
—a

4. The definite integral of an odd function between -a and a is always 0.
5. When two odd functions are multiplied, the combined function is

also an odd function.

INTEGRATE

Integrate the following:

6. [ — 5 sin xdx

—T

2
7. [ xdx

-2

m

8. Evaluate | medx

e 14x

6 6
9. Find [ f(x)dx if f(x)is odd and [ f(x)dx = 10
3 3

2

10. [ 9sin(x)dx

Ans.True

Ans.True

Ans.True

Ans.True

Ans.False

Ans. 0

Ans. 0

Ans. 0

Ans. 0

Ans. O



TRUE OR FALSE

Indicate whether the following statements are true or false.

1. Aneven function is a function such that f(x)=f(-x) where the value

ANSWER: TRUE

remains unchanged if the sign of the independent variable is reversed.

Sin x is an even function.

ik wmn

INTEGRATE

Integrate the following:

-
. Evaluate S x +ldx
{o-E Ja
2 b .
3. fu G'l_utl:]rﬂ, S (_" * 1} g%

2
(-5 7 ) dx

1
4. Evoluate (\_1 (3:3- 24 +3) Ay

2
2. Evaluatt B

-1

2
0. Fvalua " &
| ;.\fﬂ.lqcﬂ& g ¥y J}(

et

The graph of an even function is symmetric about the y-axis.
An even function always has an even anti-derivative.

An even function must pass through the origin.

ANSWER: TRUE
ANSWER: FALSE
ANSWER: FALSE
ANSWER: FALSE

ANSWER: 272

ANSWER: 40/3=13.33
ANSWER: 1458/5=291.6
ANSWER: 1028/3=342.67
ANSWER: 312/7=44.57



AREA BOUNDED BY TWO

CURVES

TRUE OR FALSE

Indicate whether the following statements are true or false.

1.
2.
3.

One function value is always greater than the other.

The area between two curves can be composite.

The area between two curves is the area that falls in between two
intersecting curves.

Integration can’t be used to find the area under two curves.

It has two functions f(x) and g(x).

PROBLEM-SOLVING

Find the area of the following:

6.

10.

Find the area enclosed by the following two functions: y=x?,
y=4x-x%.

Find the area between y=4x"2 and y=5-x"2 over the interval

from -1to 1.

Find the area between the graphs of f(x) and g(x)=x-1 [-2,1].

Find the area at the region bounded by y=x*+2x-6 and y= 3x.

Find the area between y=3x%+5 and y= -x+3 over the interval from
Oto 2.

ANSWER: TRUE
ANSWER: TRUE
ANSWER: TRUE

ANSWER: FALSE
ANSWER: TRUE

ANSWER: 8/3
ANSWER: 20/3
ANSWER: 16.5

ANSWER: 125/6
ANSWER: 14



TRUE OR FALSE

Indicate whether the following statements are true or false.

y2
1. The formula that we use in solving the area (left and right curve) is A = f(xT — xs)dy. Ans: True
yi
2. In finding the upper and lower function is difficult without a graph. Ans: True
3. The total area under any of the curves is equal to 1. Ans. True
4, The curve of a normal distribution extends indefinitely at the tails. Ans. True
5. The area under the normal curves is 100. Ans. False

PROBLEM-SOLVING

Find the area of the following:

6. Calculate the area of the region bounded by x = 4 + yz, x=3— yz, y=—1landy = 2. Ans:9
7. Determine the area of the region bounded by x =— y2 + 5andx = (y — 1)2. Ans: 9
8. Determine the area of the region bounded by x =y2— 3y —7 and x =y + 5.
Ans: 2= or 85. 3333333

9. Determine the area of the region bounded by x = yz +2,x=6y=—4andy = 4. Ans: 32

10. Determine the area of the region bounded by x = el_z'v,x = 91_",, y =— landy = 2

Ans: 73.9926



PROBLEM-SOLVING

Find the area of the following:

1. Find the area inside the graph of r = 7 + 3 cos @ and to the left of the y-axis.

Ans, 42. 0376 sq. units

16
2. The area bounded by the loop of the curve 4y? = x% (4 —x2) is Ans. 3 5¢ units
a2
3. The area of the loop of the curve, ay® = z* (@ —zx)is Ans. Esq. units
4. Find the area that is inside r = 3 + 3sin# and outside r = 2 Ans. 33. T0T4sq. units
5. Find the area inside the inner loopofr =3 — 8 cos#@ Ans. 15. 2605 sq. units

TRUE OR FALSE

Indicate whether the following statements are true or false.

6. A polar curve is a shape constructed using the polar coordinate system. Ans, True

7. Each point in the polar coordinate system is given by (r, o J(r,a ), where ris the distance from the pole
(origin) to the point, and & is the counterclockwise angle that is made with the point, pole, and the
positive x-axis. Ans. False, 8

8. Certain relations that are not functions in Cartesian form can be expressed as functions in polar form.
Ans. True

8, The area enclosed by a polar curve cannot be computed with integration. Ans, False

10. Every point in the Cartesian plane has three values associated with it. Ans. False, two



ARC LENGTH
TRUE OR FALSE

Indicate whether the following statements are true or false.

1. The length of an arc is the same thing as the measure of the arc.

Ans. False

2. The technigues we use to find arc length can be extended to find the surface area of a surface of

revolution

Ans. True

3. To find the surface area of the band, we need to find the lateral surface area, S of the frustum.

4. Surface area is the total area of the outer layer of an object.

Ans. True

Ans. True

5. If the curve represents the path of a moving object, the length of the curve between two points may

be the distance traveled by the object between two times,

PROBLEM-SOLVING

Find the area of the following:

6. Find the length of the line segment given by the equation y = 8x + 4

fromx =2tox =>5.
7. Find the length of the curve r = 3(1 —cos @) fromf@ =0to 6 = %
3
8. Determine the lengthof y =2 + 4x2, 0<x <3.
3
9. Determine the length of the curve x = % 2+4)z,1<y<2.

10. Find the length of the curve x = %\/} (y—=2)fromy=0toy = 3.

Ans. True

Ans: 24.18677 units

Ans.—3.5147 units

Ans: 21.0554 units

Ans: 3.33333333333 units

Ans: 3.4641 units



PAPPUS THEOREM
PROBLEM-SOLVING

Find the area of the following:

1. Graph the region R bounded by y = 4z — z” and the x- axis, and find the centroid of R
2. Solve for the centroid of the semi-disc shown in the figure below. Then find the volume of the

sphere using Pappus’ Theorem.

x"ty’= R*

3. Solve for the centroid of the region R bounded by y = sinx and the x-axis, 0 < z < .
1 1
4. Graph the region R bounded by the curves y = 5:1-32 and x = §y2 and solve for the centroid of

R.
5. Graph the region R bounded by the curves ¥y = 2% and ¥ = = + 2 and solve for the centroid of
R.

TRUE OR FALSE

Indicate whether the following statements are true or false.

6. Pappus’ Theorem is usually attributed to Pappus of Alexandria Ans. True
7. If a plane area is rotated about an axis in its plane, but which does not cross the area, the
volume swept out equals the area times the distance moved by the centroid.

Ans. True

8. If a plane curve is rotated about an axis in its plane, but does not cross the curve, the area swept
out equals the length times the distance moved by the centroid.

Ans, True



9. The first theorem of Pappus states that the surface area A of a surface of
revolution generated by the revolution of a curve about an external axis is equal to the
product of the arc length & of the generating curve and the distance d; traveled by the
curve's geometric centroid T, Ans., False, SA(S )
10. The centroid of a uniform semicircle of radius R is 0.48 R. Ans. False, 0.42 R

PAPPUS THEOREM ||

TRUE OR FALSE

Indicate whether the following statements are true or false.

1. A solid of revolution must have cross-sections which are circular(i.e. either disk or washer)with the
axis of revolution running through the center of the disk . A pyramid does not have any circular

cross-sections, so it cannot be a solid of revolution. Ans. False
2. The shell method always produces shells parallel to the y-axis. Ans. False
3. The disk/washer method may be used by integration with respect to y. Ans. False
4. The rotation of the function about the axis creates a cylindrical shape parallel to the axis.
Ans. True
5. If the disk/washer are perpendicular to the axis of revolution x must be used and if the shells are
parallel to the axis of revolution y must be used. Ans. True

PROBLEM-SOLVING

Find the area of the following:

6. Determine the volume generated by rotating the curve 16x° + 4y2 = 11 about the line

4x + 2y = 25. Ans: 388. 42 cu. units

7. Determine the volume of the solid obtained by rotating the region bounded by x = (y — 4)2, the
x-axis and the y-axis about the x-axis. Ans: 134. 0412 cu. units
8. Determine the volume of the solid obtained by rotating the region bounded by y = \:/J_C, x = 9 and
the x-axis about the x-axis. Ans: 127. 2345 cu. units
9. Determine the volume of the solid obtained by rotating the region bounded by y = 9xandy = x3
about the y-axis. For this problem assume that x = 0. Ans:— 203.5752 cu. units
10. Determine the volume of the solid obtained by rotating the region bounded by y = 3x + 2,y = 1
and x = 2 about the line y = 10. Ans: -2 oy, units

9



CIRCULAR DISK METHOD
TRUE OR FALSE

Indicate whether the following statements are true or false.

o s

e

What is the formula for horizontal strip? ANSWER: * 1 (1e-r 2y
What is the formula for vertical strip? ANSWER: &:= Eh['fh_mn.fﬂ-k
If the limits are not given we can consider strip. = ANSWER: TRUE
The horizontal strip has x dependent variable ANSWER: TRUE

and y constant.
The vertical strip has y dependent variable and x ANSWER: TRUE
constant.

PROBLEM-SOLVING

Find the area of the following:

6.

10.

Given the area in the first quadrant bounded by = ANSWER: 23.2166
x*=6y, the line y-2=0 and the y-axis. What is the

volume generated when the area is revolved

about the line y-2=0.

The area bounded by the curves x*=y and the line ANSWER: 402.1238
x=4 and the x-axis in the first quadrant is revolved

about the y-axis. What is the volume generated?

Determine the volume of the solid obtained by ANSWER: 361.9115
rotating the region bounded by x=y*-6y+12 and

x=7 about the y-axis.

Determine the volume of the solid by rotating the ANSWER: 814.3005
region bounded by y=9-x?, x=-3, x=3 and the

x-axis about the x-axis.

Determine the volume of the solid obtained by ANSWER: 193.2
rotating the region bounded by y= 6-x%, x=3, x=-3

and the x axis about the x axis.



CYLINDRICAL SHELL METHOD
TRUE OR FALSE

Indicate whether the following statements are true or false.

1. The horizontal and vertical line in a line graph are usually called x-axis and y-axis.
Ans: True
2. A horizontal line must intersects the graph of y=f(x) at least one point.
Ans: False
3. This is called the vertical line test for determining whether a curve is the graph of a function.
Ans: True
4. If the cross sections of the solid are taken parallel to the axis of revolution, then the csm will be used
to find the volume of the solid.
Ans: True
5. A solid of revolution is formed by revolving a shape around an axis.

Ans: False

PROBLEM-SOLVING

Find the area of the following:

—

6. Find the volume of the solid obtained by rotating about the x-axis the region under the curve y = +/x

from 0 to 1. Ans:%

7. Find the volume of the solid obtained by rotating the region bounded by y = x — xand y = Dabout

the line x = 2. Ans:%

8. Find the volume of the solid obtained by rotating about the y-axis the region between y = x and
2

y =x. Ans:%
9. Find the volume of the solid obtained by rotating about the y-axis the region bounded by
y = 2x° — x” and y = 0. Ans: =21t

5

10. Find the volume of the solid generated by revolving the triangular region boundedbyy = x,y = 0,

and x = 2 aboutthelinex = 3. Ans:%



VARIGNON'S THEOREM
PROBLEM-SOLVING

Find the area of the following:
1. Determine the area of y° = z; y = 3; 2 = 0 about the y — axis.

2. Provethatz = ? and y = %bfor the part of parabolic area bounded by x-axis, line x=a and
5
parabola 3% = kz.

3. Determine theareaofz + 2y =6,z =0,y = 0.

4, Determine the areaof y = sinz, y =0 from z =0 — .

5. Calculate the moment of the force F around the point O shown in the figure if the magnitude of Fis

725 N.

TRUE OR FALSE

Indicate whether the following statements are true or false.
6. The location of the centroid is often denoted with a € with the coordinates being (z, ), denoting
that they are the average x and y coordinate for the area. Ans. True

7. In the mechanics course sequence, centroids of areas are helpful in a variety of scenarios, such as the
study of distributed forces, the bending in beams and torsion in shafts, as well as a preliminary step in
calculating moments of inertia. Ans. True

8. First moment integral and method of composite parts are used to determine centroid location.
Ans. True
9. The geometric center of a region is what is known as its centroid. Ans. True

10. According to the centroid theorem, the triangle's centroid is located 2/3 of the way between the
vertex and the side midpoints. Ans. True



CENTROID OF SOLID
REVOLUTION

TRUE OR FALSE

Indicate whether the following statements are true or false.

1. When finding the centroid of a two-dimensional shape,

we will be looking for both x and a y coordinate. Ans: True
2. We use the first moment integral to determine the centroid location. Ans: True
3.The Z, in Varignon’s is the distance of centroid of dV from x-axis. Ans: True
4. The formula of the centroid is Ax = f Xoon dA. Ans: True
5. The formula in finding the centroid is Ay = f Veen dY. Ans: False, (Ay = J Veern dA)

PROBLEM-SOLVING

Find the area of the following:

6. Determine the centroid of a solid generated by revolving the

region bound by y = x* + 3, x = 0, y = 0, and x = 3 about the x-axis. Ans: (X,y) = (%,D)
7. Determine the centroid of a solid generated by revolving the region

boundby y = 5—x%, x = 0and y = 0 about the y-axis. Ans: (X,y) = (Og)

8. Find the centroid of the area bounded by the parabola y* = 4x,

the x-axis and the line x = 4. Ans: (X,y) = (%,g)

9. Find the centroid of the first quadrant region bounded by the curve y? = 3x,

the y=axis and the linesy = 3and y = 6. Ans: (X,y) = (%%)

10. Find the centroid of the region bounded by the curves y = x% and y = 12x + 1.

Ans: (%, ) = (E @)

32’ 20



MOMENT OF INERTIA
TRUE OR FALSE

Indicate whether the following statements are true or false.

1. The strip must be parallel to the axis of rotation. Ans: True

2. Moment of Inertia is known as the capacity of a cross section to not resist bending.  Ans: False, (to
resist bending.

3. The moment of inertia must be specified with respect to a chosen axis of rotation. Ans: True

5 PO " . bd?
4. The formula of the moment of inertia in x-axis for rectangle is I, = ST Ans: True
. L . . . R*
5. The formula of the moment of inertia in x-axis for circle is [, = HT Ans: False,
nR*
(I = =)

PROBLEM-SOLVING

Find the area of the following:

6. What is the moment of inertia of the area in the first quadrant bounded
by the curves y% = 8x, x-axis and the line x = 2 with respect to the x-axis? Ans: % or 17.06667

7. Find the moment of inertia of the area bounded by y = 0, f(x),x = 0

5529375

and x = 15, f(x) = x® + 6x? — 4x + 5 with respect to the y-axis? Ans: or 2.8 x 10°
8. Find the moment of inertia of the area bounded by the curve x* = 3y,

. . . . . 54
the line y = 3 and the y-axis on the first quadrant with respect to the x-axis. Ans: ~or 10.8

9. Determine the moment of inertia about the x-axis and the y-axis

of the area bounded by y = 0.75x2, the x-axis, and x = 4. Ans: [, = % L, = ?
10. Determine the moment of inertia about the x-axis and the y-axis of
the area bounded by x? = 6y and the y = x. Ans: I, = 324, I, = %




SOLUTION



POWER FORMULA

6. f7x6dx 9. [(8x + 4)(2x + 5)dx
g 1 2 _ _ _
_ ::_l L = [16x" + 40x + 8x + 20)dx
; = [(16x" + 48x + 20)dx
= x +C

=16 [x°dx + 48 [xdx + 20 [dx

7. j'(?))c'z — "Jllg + 7dx 241 141

x X
= 167 + 483

+20x + C

=3 J‘XZdX — ﬂu@ _f\&d.‘k’ + 7 fdx : ,
=165+ 48+ 20x + C

+ 7x + C

- 35 - 6%

= 165 + 24x" + 20x + C

-]. -
= =B+ x4 C 10. [\

:IS—%X‘\.@—F?X—FC =fl_d1
i 4
8. f(7x6 — BXT)dx =X et
[11
= 7fxé(ix - fo'?dx =%4F\fl +C
x6+l xT+L
=Te g —8—7 +C
_7x &
= . Tt C

7 6
=x —x +C

EXPONENTIAL FUNCTION

6. [(2-3¢)dx
=[(2 — 3¢")dx = [ 2dx — [3e"dx

=[2dx — 3[e'dx

=2x-3¢ +C



7. [ (1426 dx

u=1+ 2¢ du=2edx
or (1/2)du = e'dx

=[ e (1+2¢") dx = [(1+2¢") " dx
=[u*(1/2)du
=(1/2) [’du

1/ % s c

=(1/10)u’ +C
=(1/10) (1 + 2¢)°+C

8. f(e™-e ) dx

(A-BY=4"-24B+F

dx 4r —dx

=[(e™- e dx=[(ee™ — 2¢% e + e e Mdx
=J'(E4I+4I N 294.‘(’—4.‘( + E—4x—4x)dx
=[(e™ — 2¢" + e dx

=[(e™ = 2(1) + e Mdx

=[e%dx — [2dx + [e “dx

—8x
8x e
== -2x+ +C
8 —8
—8x
EEx e
= 2x- +C

g 3



0. [e(1 — e + ) dx

u=1+e du = e dx

=[e"(1 — Y1 + ) %x=[(1 — (1 + ") % dx
=[(1 - (u - 1)) du
=1 — u+ Dudu

=[(2 - u)umdu

=f(2u" — w'du

=f(2u" — u'Hdu

/1D +e)7 = (1/12)A + NP+ ¢

10. [ ESI{—+—]-:£J:

=[5 e Sdx=] (—P—de

Sx—3x

Ydx

=(1/7)f ”dx + 3[ 7 dx

=(1/49) e “ +(3/2) > + C



SPECIAL COMBINATION

6. f (csc 3y + cot 3y) 2 dy = f (csc2 3y + 2 csc 3y cot 3y + cot? 3y)dy

[ (2(:5(:2 3y + 2 csc 3y cot 3y — l)dy

[ (Qozzsc2 3y + 2 csc 3y cot 3y) dy — f 1 dy

[ (2(:5(:2 3y + 2 csc 3y cot Sy)dy —y
Letu = 3y
du = 3dy

(%)du—dy
9 1
= (2csc u+2cscucotu) 3 du —vy

=(2) (%)f (esc® u + escucot u)du — y

= (%) ([ csc’ u dut f cscucotu du) —y

2

- (5)((_ cot u)+(— escu))—y

2
= —Ecotu— §cscu—y—|-C'

2 2
=—§cot 3y — §csc3y —y+C

7. / tan® y secy dy

= [ (seczy— 1] secy dy

= [ sec® y dy— ] secy dy

t 1
:[w—l—afsecy dy}—jsecy dy

secytany 1 /
=—— — — secy d
5 5 yay

_secytany

1
5 5 In|secy + tany|+C

] (csc;'l 3y + 2 csc 3y cot 3y Jr(csc2 3y — 1))dy

8. f 5sec4f tan 40 do

Let u = 460

du = 4d6

(i)du = dbf
1
5[ sec u tanu(z) du

f secu tanu du

W |

5
—secu + C
4

5
Zsec 40+ C

9. / sec! 3z tan® 3z dz
f sec” 3zsec 3ztan® 3z dz
] sec” 3z (ta.n2 3z + 1) tan® 3z da:|

/ sec? 3ztan® 3z dz + / sec? 3ztan® 3z

it:fm6 3z + Lta.]:L4 3z +C
18 12

10. /cot“y dy

cot?
— 3y—] cotzydy

.t3
_c03 Y —(— cot y— / ldy)

cot? Y

+coty+y+C



TRIGONOMETRIC SUBSTITUTION

6. Evaluate [ 6sec 3x tan x 3x dx

= 6/ sec3x tan x 3x dx
letu=3x du=3 du/3=dx

du
= 6 secsecu tantanu-3-
1
— 6o secsecutantanu du

= 2 [ secsecu tantanu du

= Zesecsecu + C
= 2sec3ix + C

3 2
7. Evaluate [ cot ax csc ax dx

letu=cotax du=-csc’ax*adx du=-acsclaxdx -du/a= csclaxdx

= —%J’usdu

1 ::_:
= ——«-+C

@

= —Zut+c
40

— X (cottax
=———(cot ax) +C
8. Evaluatef?cosgg'xdx

= 7 [ cos*9xdx

cos?8=—(1 + c0s26)

= ]’f%{l + cos2(9x)dx
=Z[(1 + cosi8x)dx

= %j’dx +%j’cos 18x dx



Letu=18x du=18dx du/18=dx

z [ cosu du
= — -
2 18

7 1

—e—| coscosudu

7
=~-Jcosudu

_ 7

= s Sinu
= —_ sin18x
= 25 Sin

7 7.
—2x+3631m:+ﬁ'

9. Evaluate [ (csc6x + cot6x) dx

= f (csczéx + 2cscbxcotbx + cotz(nx)dx

= f (Csczﬁx + 2csc6xcotéx + csc 6x — 1)dx

) 2csc6x + 2c5c6xXC0t6X — 1)dx

= 2[ esc®6xdx + 2 [ cscéxcotéxdx — [ dx
Letu=6x du=6dx du/6=dx

2 du du
= 2 escue—~ + 2 [ cseu cotus -

- z 2
= —[ escudu + —[ cscu cot cot u du
= %{— cotu) + %{— cscu)

=— %Catéx — %CSC&I —x+C

10 Evaluate [ tan tan 7x dx
Letu=7x du=7dx du/7=dx

= [tantanu <=

1
—[ tantan u du

1
=—e(—Inln|cosu|) + €
= %ln In|secu| +C

1
=— —In|cos(7x)| + C



HYPERBOLIC FUNCTION

. J- cosh x

cosh? x

= [——dx

cosh x

= [coshx  ————dx

sinh? x+1

u = sinhx du = coshx

1

coshx

= [——du

u?+1

= arctan(sinh(x)) + C

8. [ e3*sinhx dx

[E =1 2e2xax

7. f;"44e" sinhx dx

= (e¥ - 2x)|ir*

= [e20n® — 2(In 4)] - [e2© — 2(0)]
= (e¥ —In42) — (* - 0)

=16 —In16 -1

=16—In16 -1

=15—-2In4or 12.227

9. f coshx

6+5sinhx

u=6+5sinhx, du = 5cosh x dx,

u=e* du = 2e%* coshx dx = d?u
d _e_zxd J- cosh x
X = 2 x 6+5sinhx
) du
=1 J@w—-1du = [=
1 rdu
f(u—l)du g ?
= [udu— [1du =lnu+C
u? 1
=5 -u =§ln(6+53inhx)+C
1
=;f(u— Ddu
_u_u
T8 4
_e e .
8 4
— etX_pp2x + C

10. [ 6e* sinhx dx

e

—_— . ex‘_
= [6e* - (—

_x) dx
= [3(e** —e%) dx
=3[(e?* —1)dx
=3Gezx—x)+6

3
=592"—3x+C



INVERSE TRIGONOMETRIC
FUNCTION

6. Find the values of sin(cos ™ 5/6) 7. Find the values of cos(tan™ 2/3)
5 2
Let,o= 8 Let,— = ©
cosB= 5/6 tanﬂzé

sin 8= V(1 — cos®8)
sec®B-tan? =1

—mm—m—

= J" —_ ’ z [
V1 - (5/6) sec8=/(1 + tan’e)
235
=1 -5 B 1 232
-/t (3
_ 11
35 -
- =.f[1 + —)
411 [ g
T s
_ 13
; - g
8. Evaluate [—22
J16-81x
u?=81x* u=9  du/18= 18xdx/18 du/18=xdx a’=16 a=
du
18|II'~.,"'|:::—::: :
1 s
16 =T —=
Va —u
1 ~u
=% (GE)+ ¢
_ e
- 8( )+ e
9. Evaluate IL
14dyjx+xx

2_[ dx

yx(l44+x)

ul=x u=Vx 2[du=dx/2vx] 2du=dx/x a*=144 a=12

ZJ’ dx

Ve(12'+( \-'x}'

=_[ ?d':.': _ 2_[ ,d“ . = 2[% [TT‘}] +C

a +u a+u

o
R
=471 T°C




10

10.Evaluate [

/e -1

u=8x*> u=4x du=2dx du/2=dx a%’=1 a=1 x=u/2

=10f ==

|y —a) =

d 1(u
= 10— = 10o+{4) + C
= 10(4x) + C

INTEGRALS OF TERMS
INVOLVING U2+ A2 AND A2- U2

1. Evaluate [ dx 4. Evaluate [—*—dx
e~ .1’:—9 \ 2—cos x
1
=J]- du
1 I-7=
= 3f ——dx V2-u
.x“-.".'{—‘.:l' =—J_ Il,du
_ 1 ) Vi-u .
=3] = 0 = — arcsin(——)
x -3 “ a2 )
=3 =+ asec(L = — arcsin(==L)
3 Loz A2
= asec(2L) + C = — aresin(-222E0)+ C
- 3 &
E.'C )
2. Evaluate f_._ — dx 5. Evaluate [——dx
W T—e ,_{.1_41_
= —du = [———dx
N7—u "\.-'E
= arcsin(—
7 - [—1ax
. G A [T —x
= arcsin(—) NT*
. =%f ——dx
= arcsin(~—=) + C S
W 1 .
=— arcsin (_f)
1 = avrsi::glx‘u +C
3. Evaluate [———dx 2
W —a

=In(|x +\x" —a’))

=In(jx +\x —a’ )+ C



INTEGRATION OF POWERS &
PRODUCTS OF SIN & COS

1. [ x?cosx dx

Letu = x?
du = 2x dx
v =sinx

dv =cosx dx
=x?sinx — [ 2xsinx dx

=x?sinx — 2 [ xsinx dx

Letu=x
du = dx
V=—CosX

dv = sinx dx
=x%sinx — 2[-x cosx — [ (—cos x)dx]
=x%sinx — 2[-xcosx + [ cosx dx|
=x?sinx — 2[—x cos x + sin x|
=xZsinx + 2xcosx — 2sinx + C
2. [sin36cos46do

Letu =sin360

du=3cos30do

vz(i)sin«%@

dv =-cos40do
=sin39(§)sin49— f(%)sin49{3)cos38d9
=(7)sin36sin46 —(3) [ cos30sin40do
Letu =cos360

du=-3sin36do

vz(—i)cos«ie

dv=sin40 do

=(3)sin36sin46 - () [cos 360(—3)cos46 — [ (~3)cos46(-3)sin3 ede]



=G)sin36lsin49—(%)[(—%)005391:0548—G) fsin39cos49d9]
=G)gin3ﬂsin49+(%)cos39cos43+(%) [ sin36cos46do

7 . 1y | ) 3
(E) fsnn39c0549d9—(Z)sm36'51n46'+(E)c0539cos49

16 1 3
fsin39c0549d6l= (7)((Z)sin395in49+(E)c0539c0549)

=(2)sin36sin46 + (2)cos36cos46 +C
(5) )

3. [sin® ycos? ydy 5. [ (siny + cosy)?dy
= [ sin® ycos? y-siny dy = [(sin? y+2sinycosy+cos? y)dy
= [ (1 —cos* y)cos* y-sinydy = [((sin? y+cos? y)+2sinycosy) dy
Letu = siny
Let @&l
du=—siny du=cosy dy
= [(1—uP)u?du x+2fsinycosydy=x+2fudu
= [ u? + udu x+2“2_2
_ou? b 2
==+ x+u
cos? y . cosS y x+sin2 y+C

= - +C

3

4. [x sin3xdx

letu=x

du =dx
v:(—i)cos3x

dv =sin3xdx
=x (—%)cosl%x - f (—%)cosi%xdx

=—73—Ccos3x+(%) fcosSxdx

sin 3x

3+C

x 1
-—Ecos 3x+ (5)

=—’3—‘c053x+(§) sin3x +C



INTEGRATION BY PARTS

6._[0” a? cos(6a) da 7. fos 3+ 5x)e§x dx
u=a? dv = cos(6a) da u=3+5x dv = es”
du =2ada v= ésin(fuz) du = 5dx v =3es*
Judv =uv— [ vdu J(3+ Sx)eixdx
= La?sin(6a) — 1 [ asin(6a)da = (3+5x) (3¢5%) - [5(3¢5") dx
u=a dv = sin(6a)da = 39?‘(3 + 5x) — 15fe§x dx
du =da V= —écos(ﬁa) = 3es*(3 + 5x) — 45e3*
[ a*sin(6a) da = 9¢3* + 15xes* — 45+
—12-(6)_1[_1 (6a) + = [ cos(6 )d] =15 ix—36§x5
=a*sin(6a) — - |~ cacos(6a) + - [ cos(6a)da| = 15xe ex|
1 1 1 1
= %azsin(ﬁa) —% [—%a cos(6a) + %sin(&l)] = [15(5)95(5) - 3693(5)] - [15(5)65(0) - 3695(")]
N X _1g -
=_a sin(6a) + 5 @cos (6a) o sin(6a) = 242.4851

—12‘6)+1 6 1'6)1I
—6a sin(6a 18acos( a) 96sln(.:l

0

= [} (m)2sin(6(m)) + = (m) cos (6(m) — sin(m) | - |3 (0)sin(6(0)) +

18
1 1 .
- (0) cos (6(0)) —gsm(O)]
-7
" 18
8 [x*Inxdx 9. [ e®* cos(e?*)dx
5
u=Inx v= x? = [e"e? cos(e**)dx
du = idx dv = x*dx u=e* dv = e?* cos(e?*)dx
Judv =uv— [vdu du = 4e**dx dv = isin(ez")
. x5 x5 1 _
_lnx(?)—f? —dx fudv =uv— [vdu
= éxs Inx — %f xtdx = %e"xsin(e“) -2 [e%sin(e?)dx u=e?%, du=2e*dx
= IxS5Inx -2 (lej =Letgin(e?*) -2 Je**e**sin(e**)dx dv = e®*sin(e®*)dx
5 5 “4+1 2 !
5
= ;—xS Inx —é(x?) = ;—e“xsin(eu) - 2[—%ezxcos(eu) + [e*cos(e?)dx v=- %cos(ezx)
= %xs Inx — %xs +C = %e"xsin(ez") + e?*cos(e?*) — 2 [e**cos(e*)dx
5 _
=2Cm0ly ¢ = Ze*sin(e?) + e?*cos(e?) — 2(5sin(e?) + C

= %e‘”‘sin(ezx) + e?*cos(e?*) — sin(e®*) + C

4X_27 gj 2x
= (e¥7-2) sine*) );m(e ) 4 g2x cos(e?*)+ C



10. [ e™ cos(2x)dx

u = cos(2x) dv = e* dx

edx

du = -2sin(2x)dx v = -

J‘udvzuv—fvdu

I= %941 cos(2x) + f%eu sin(2x)dx u = sin(2x), du = 2cos(2x)dx,

2 2
dv ==e**dx, v=—"e¥
4 16

I= ie“x cos(2x) +%e""‘ sin(2x) — if e** cos(2x)dx I = [ e** cos(2x)dx
= —e¥x 2 L4x g 4, 4

—+—I —e** cos(2x) +—e**sin(2x) — —+—1

16 ® 16 16 ' 16

16 20, _ 16 1

2L o phx 0 £ L4x
o el =30 3¢ cos(2x)+ —e sin(2x)

— i 4x i 4% o
I= i cos(2x) + ¢ sin(2x)+ C

X (sin(2x) + 2 2
e (sin( x)lo cos( x))+c

INTEGRATION BY
TRIGONOMETRIC
SUBSTITUTION

6. [~ dx 7. [J1—6y?dy

2 _ _ 1
a“ =16, a=4% y= V,Esmﬂ
x =4sinfl, dx=4cosfdb J1—6y?
= to-x” =1 —sin26
= [ 1(64313!;?23) “4cos 6 df =+1—cos?6
= [L16-165I70 4 cos @ df = |cos 6|
16 sin® @
/ )
= 164(;:2"; -cos 0 d dy = %cosﬂdﬂ
= j“;;"’;ﬂ 0s 0 do [J1=6y2
cos @ 1
_Isiana'Cosng —j’cosB(\/—Ecosﬂjdﬂ
=f‘;:jg x = 4sin#, =%fc0529 ae



_ J-l—sin"’ 2} de

X .
—=sinf
sin? @ 4

o 1 sin? @
- Jﬁ[siﬂi 8 sin? a]

sin‘1§ = sin~!(sing)

f =sin™* G)

x

= [[csc* 6 —1]dB

=—cot0—0+C tan@ = —
=—ﬂ—sin‘l(£)+6 cotf =
x 4, tan 8

= V,igjé [1+ cos(28)] d8

== [6+3sin2e)] + ¢

= 21_‘/3 [6 + sin(@) cos(8)] + C

sin® =6 - 0 =sin"'(V6y)
sing =L = Jo

hyp 1 1
cosd =,/1-6y2 0

V1 —6y?

= ﬁ[sin“(,fﬁy} + /6y /1= 6y%|+C

8. [ cosx V4 + 25sin?x dx = [ /4 + 25 [sinx]?

u =sinx du = cosx dx
dx = o

[ V25u? + 4du

u= Ztim’ v = arctan (57")
du = Zsec(v)

5

f 2sec?(v)y/4an?(v)+4 dv
5

4
= EI sec? (v)dv

[ sec®(v)dv

secvianv 1
= T+;fsecvdv

[ secvdv

= In(tanv + secv)

secvtanv 1
==+ [secvdv

__In(tanv+secv) , secvtuanv

- 2 2

= %f sec? (v)dv

_ 2In(tanv+secv) | 2secvtanv
- 5 5

Undo substitution: u = arctan(%u)

5 5
tan(arctan?u) = ?u

25u?
4

2 ln( 25 si:z(x)+1+5 s';nx) pp——
. SIm-Lx
= +sinx ’f"’ 1+C

sec(arctan 5?") = +1

5

2In(|V25sinZx+4+5sinx|)
= + si

25sin?(x)
s nx /T+1+C

9. [ 2x5Va + 16x7dx

4 [ x5vVax? + 1dx
u=4x*+1 du=8x dx

= L_f(u — 1% udu

128

=éf(u372u§+\fﬁ)du

=J'ugdu72fu%du+fﬁdu

H 3
2u 4u2 2uz

R

5+3

z
z

1
128

Ju - 1)*Vudu

s 3
uz uz uz

T 48 160 | 192

7 5 3
_ (4x2+1)z (4x2+1)2 + (4x2+1)2

448 160 192

4 [ x5V4x2 + 1dx

7
_ (ax?+1)?

5 3
_ (x*+1)? + (4x?+1)2

112 40 48

3
_ (4x2+1)Z(30x%-6x241) +
- 210

C

3 5
2377372 52
=2( 420 34)

= 2546.1589



-5 3
10.[; s dx
1
=3t
> Vx2-25
— Z _ _ X _ X
u=vx*—-25 du = T dx = .
= J‘(1.|12+25)2 du
Apply reduction formula:
1 2n-3 1 u
J—du = —du + —
(au? + b)m 2b(n—1) ) (au? + b)n1 2b(n — 1)(au? + b)n-1

a=1b=25n=2

u 1 1
T 50(uZ+25) + 50 J.u2+25 du

[
uz + 25

u 1
v=< dv—g du = 5dv

5
= [ ——dv
"-25021-25

1 1
== dv
5 J. v+l

1 1
=EJ. dv

vZ+1

_ arctanwv
5

[ —du

T 50(u?+25) @ 507 u?+25

u arctan(s)
T s50(u2+25) 250
VxZ—25
_ arctan(——;—) + Vx2-25
250 50x2

1
3| ——=—=dx
fx3\"x2—25
o2
zarctan(C)  3yx7 25

250 50x2

-3 (49 arcsin@)—lﬂﬁ T )

12250 500

3
294 arcsin(;)—14'?11—10-65

24500

—0.015301




RATIONAL FUNCTION

1, / 4I;3 dz a. ]‘———3——ﬂﬁ
(z—27(z +3) @+2)@—4)
9 11 9 _2 / S
= — d _
/ 25(z — 2) * 5(z — 2)2 25(z + 3) * (z+2)(x—4)
9 11 9 = 2e / ! + ! dx
_ 2 9= 7 - C6(z+2)  6(z—4
25]11|:.':' 2| 50z —2) 2,,111|.:'; + 3| ( ) ( )
1
9 11 9 _2( dz+ f d;::)
- = o = - 6(m+2 6(z — 4)
25 e =2l 5(z — 2) o5 iz +31+0
—2( 1111|:a:+2|+ ].n|3:—4|)
4 6
2. /44447@
(a2 — 4)° 1
2( s In|z + 2|4+~ ln|x—4|)+C

_4/‘ L L T SRS
32(z+2)  16(x+2)° 32(z-2)  16(z — 2)°

4(f mdﬁ:—l—/ mdac—/ mdm—l—/ 16(:571—2)2dx)

1 1 1
4z +2~——— — Iz —2————
(32 2 e+ 2) galole —21- (3:—2))
1 1 1 1
:4(§lu|x+2|716(m+2) — ﬁ].nh:— 2716($—2))+C
3 3
J— S QR T
(z+1)"(z—3) z? + 5z + 6
1
(x+1)(z—3) z° +5x+6
1 1
:3./ — 3 + 1 + 3 dz :3-/ — dz
16(z+1)  4(z+1)* 16(z—3) r+2 z+43
1 1
3 1 3 —3(/ da:—/ da:)
=3 - —d —d —d
( [ 6+ 1) :12—|—[ 4($+1)2 a:—l—/ 16(z —3) a:) z+2 z+3
= 3(In|z + 2|—In|z + 3
:3(—33h1|x+1|—4( 1+ ]-1—136111|3:—3|) (In] | | )
T
= 3(In|z + 2|— In|z + 3|)+C
3 1 3
_3(—Eln|x—|— | 1D +Eh1:r:—3|)+c



WALLIS FORMULA

(s m
6. |2 sin®v cos? v dv 7. [Z cos®a sin®a da
_ 1[Gn-1)(m-3)n-5)[{[(n-1)(n=3)(n-5)§] « _ 1[n-1)(m=-3)m-5}]{(n-1)(n=3)(n=5)] | a
k (m+n)(m+n-2)(m+n—4)(m+n—6)& k (m+n)(m+n—-2)(m+n—4)(m+n—6)¢&
- [(9-1)(9-3)(9-5)(9-7)(2-1)] i _ [(8—1)(8-3)(8-5)(8-7)(5-1)(5-3)]
(9+2)(11-2)(11-4)(11-6)(11-8)(11-10) T (8+5)(13-2)(13-4)(13-6)(13-8)(13-10)(13-12)
_ Bee2)) _ _(7531)(42)
T (11:97:531) T (1311:975:3:1)
_ 384 _ 810
T 10395 T 135135
_ 128 _ 8
T 3465 T 1287
T in6 4 a_ 2,2 2>
8. J3°sin® 5x cos* 5x dx 9. J, x*(a® —x?*)2dx
Let; sin@ = E
u=>5x atx =0, u;, =5(0)=0 x = asinf; dx = acos8df
du = 5dx atx = —,u :5(1):E x? = a®sin®6 atx=0,0, =sin"12=0
10”72 10 2 41 a
d . .
?u=dx a? —x* =a’sin? 0 atx = a,0, = sin 1§=’2E
m
Jzosin® 5x cos* 5x dx =a?(1-sin?0)
. d 3
= J’uu: sin®ucos*u ?u (a? —x? = a? cos? 0)2
T p 2.3 - .
= %fog sin®u cos*u du (@®> —x*)z =a®cos® 0
1 [(m-1)(m-3)(m-5)|E[(n—1)(n-3) (n-5)¢] @ 202 2v3
Tk (m+n)(m+n-2)(m+n—4)(m+n-6)¢ J‘0 x"(a® —x%)adx
— 163HE) ™ _ (%2 2,2 3 el
= 5 (006s2) 2 = [, a*sin @ (a® cos® B)a cos 6 df
45w 15 6 (3 cin2 4
= _—— — 2 ¢f
300 T3 a® [2sin? 6 cos* 0
_ 3m _ 1[m=-1)(n=-3)(m=-5)|{[(n-1)(n-3)(n-5)¢]
~ 2560 Tk (m+n)(m+n-2)(m+n-4)(m+n-6)§
= go3t.zm
642 2
ma®



10. & sin* 3x cos® 3x dx

Transform by substitution apply changing limits: if u = 3x
Let: ifx=0,u=300)=0

T T m
u=3x du = 3dx x= u—3(g)—5
qu _ dx

3
hLs
6 a0 5
sin* x cos® x dx
0

Uz . du
= [ “sin*fucos®u —
Uy 3

m
1 0= .
= = [2sin* u cos® udu
3-0

_ 1, _[(-D(-3)(5-1)(5-3)]

3 (4+5)(9-2)(9-4)(9-6)(9-8)

_1 (31E2)

T3 (97531)

24

ODD FUNCTION

™ J
6. [ — 5sinxdx : 3
z ) o A
=-5(-cosx) [ B ; B et
=5cosx [
T

=[5cos | — [5cos (— m)]
=5-(-5)
=0

2

7. [ xdx
22

= [xdx

I
¥y N|RN
l\-—..[»\_'5

ol
.

n
[= ¥



2 .
X Sinx
x) = ——X
f( ) l+;\r6

2 .
_ (—=x) sin(—x
— x =
fl= x) =20
_ ng—sinx!
1+x°

= P = (0 = 0

+x

6 6
9. Find | f(x)dx if f(x)is odd and [ f(x)dx = 10
3 3

Since f is odd

3
J fx)dx =0
-3

6 3 6
=[fxdx=[f +[f =10
-3 -3 3

6
=0+ [ f(x)dx = 10
3

6
[ f(x)dx = 10
3

in

3
10. [ 9sin(x)dx
2n
-3

= [ 9sin(x)dx

= 9 sin (x)dx

= 9(— cos (x))
=— 9 cos (x)

2n

=— 9 cos(x) }

=— 9cos(5) — (9)cos(— 45

=0



EVEN FUNCTION

U-\.j_q xai—\ dx J (Sx s i—:"ﬂc\x
_ ,_{jq 3 = 25 (3,( -2 +5)c\x
‘L\(“y ’t‘f-}\% "2[“‘_" —"""‘57( \z
=g (5@ - oA - [CIC e ~2([3£%l-3%ﬂ+3@}]'[03)
:z_\( qusQ\—%} = 1(_{;)
= 513 A 'El; = 342.6%
_ 2
'*‘jl(xﬂzy A ‘O'S xr ¥ dx
-7 -2
" 2
:28 (;z)f 133* :'ZS K‘p* X&CIX
ol & D
3 .1
:1{% . ’113\0 = 2<£+ ﬁ)‘l
GY T
:1[_‘__. 22y — D\]] *
s O-l a( 2y 2t o
3,1\
=2 (3% 3 312 i
= == =44 .5X%
20
) (2

5 )

- A%z = 133D

) ¥ )
._-g 5 = < 2473
- A58 2410




AREA BOUNDED BY TWO

CURVES
TOP & BOTTOM

6.Find the area enclosed by the following two functions: y=x?y=4x-x2.
V=x yv=4x —x
VERTEX: (2,4)
X' =4x — ¥

-

4y = 2x°

7 Find the area between y=4x® and y=5-x* over the interval from -1 to 1.

V= 4x° y=5-—- X
41‘2:5 —xg

5=4x +x

5= bx

i= 5x°

5 3

V1=

x=1-1




Il
—_—
—
o
|
]
a
|
S
-
a
—
S8
B

Sy

|
3 -1

|scw - 2] - [sc- - 252]

5x —

_ 20

3

8 Find the area between the graphs of f(x) and g(x)=x-1[-2,1].
1

A= Il
-2

= }(5—x2—x+ 1)dx
}(—xz—x+6)dx

-2

3 2 1
X X
=[—T—T+6x]
-2

:[_175_17:+ 6(1)]—[—(_72)5—(_72):4‘6(— 2)]

_ & [ 3
T s 3

= 16.5

9 Find the area at the region bounded by y=x?+2x-6 and y= 3x.
X +2x—6=3x

X—x—6=0

(x—-3)(x+2)=0

x=3,x=2

X,

a =l o

=+ 6] - 203

KR
=[_3TS+ST:+ 6(2)]—[—%3'5+“T23:+ 6(— 2)]

125
6



10 Find the area between y=3x?+5 and y= -x+3 over the interval from 0 to 2.

X

4 =f[yT—y3)dx

[(3x" + 5) = (x + 3)]dx

[

(31’2 + x + 2):1’:[

|
[

=¥ + <+ 2x)0%2

=[23+272+ 2{2)]— [0]
—(8+2+4) -0
- 14

RIGHT & LEFT

6. Calculate the area of the region bounded by x = 4 + yz,x =3 - yz, y=—landy = 2.

y2

A= }{(xr - xﬁ)dy y

F 2 2
=[4+y —(3-y)dy

- &\’c\ [‘.’)

2 ] A y>2
=1+ 2y°dy 1

-1 11— .

3 2 &M 511 L
_ 2y 1 (
7}’ + 3 |—1
3 3
=@ + 22|~ 1 + 252
|

=9

7. Determine the region bounded by x =— y2 + 5andx = (y — 1)2.

Find the intersection points.

Y 45=0-1

—y2+ 5= y2—2y+1
2

0=2y — 2y -4

0=2(y + 1)y — 2)

Intersectionisy =— landy = 2.
y2
A= )ﬂ(xr - xa)dy

2
==y +5-0-D'd

=1



2:.'3 Zy1 2
=-S5t
2

2y 2
=- Gty + 4y
-1

= [— % + @+ 4(2)]— [— % + (= 12+ 4(- 1)]
=9

8. Determine the area of the region bounded by x = yz — 3y —7andx =y + 5.

Find the intersection point. y

=

(\l.i)

y2—3y—7=y+5

y2—4y—12=0
-6 +2)=0

The intersection pointisy = 6andy =— 2

y2
A= f(xT - xB)dy
y1

6

=_j’2y+5—(y2—3y—7)dy

6
= [ -y + 4y + 12dy
—2

P °
=T +Yra

3 2 6
=—Z-+2y + 12y|
-2

= [— % +206) + 12(6)]— [— % +2(-2)" + 12(~ 2)]

= 2% or 85.3333333
9. Determine the area of the region bounded by x = y‘ +2,x=06y=—4andy = 4.

x:y2+2 x=6

6=y +2

—4=sx< - 2 — 2=x=2 2=x<4

-2 2 4
=fy2+2—6dy+f6—(y2+2)dy+fy2+2—6dy
—4 =2 2




=2 2 4

= [y —ady+ [4—yay+ [y - 4dy
4 2 2

—Low D+ -,

- ([L:i — 4 2)]— [—t;f— — 4 4)]) + ([4(2) - %Ji]- [4(— 2) - iL:iD + ([14_3)’_ - 4(4)]- [-@333— —4(2)

32 32 32
=3 t3 T3

=32

. N 2 -
10. Determine the area of the region bounded by x = e1+ Y x= e1 Y, y=—1landy =2

1+2y 1-y
e =e

142
e ¥

1-y
e

y=20

— 1=<x<0 0=x<2

y2
A= f(xr - xa)dy
vl

2
1- 1+2 142 1-
=fe V= Pay+ [T - Vay
0

0 2
iy R e 1-y
=—e -l GG re D

2
1—
=([_e Y _

-1
M 1y R ] 1—y Q12 1—
o e e N e
= 3.495573076827804 + 70.49703624977118
= 73.9926

LOOP OF TWO CURVES

1. Find the area inside the graph of r = 7 + 3 cos# and to the left of the y — axis.
I
A f : %{T—l—3msﬂ)2dﬂ

=l

= % f 49 + 42cos8 + 9cos”(8)df

| g

49 + 42c0sf + %(1 + cos(26))dd

.

an
1 [T 107

- E,[; -+ 42080 + g(1+cos(2ﬂ}}d9

= 42.0376 sq. units



2. The area bounded by the loop of the curve 4y? = x? (4 — %) is

=+=,/(4 2%
I
=}-y=—E {4—.’:2)
y:%ﬁ(d—rﬂ
y=-3/(4-2), y=3,/4- )
2."'.,
A=4de | = [(4—z%)dz
0 2
letd — z° =t = —2zdz = dt

A=[_0" a/{tdt}
42
{5
2
= 32[v6d - 0]
16 .
= ?sq. units

The area of the loop of the curve, ay® = z°(a — x) is

—2f dz

a—I

— =t —=toa a(l —t%)

0
A= 2/ a(l — £*)t(—2at)dt
1
_ 4{1210'{;3 )dt
] L
3 5

_ 4(12[1 _ 1:|
3 5

Sa 2
= —— 5. units
16 4

4. Find the area that is inside r = 3 + 3sinf and outside r = 2

sinf = —% = § =sin 1(—%): —0.3398

6 =7+ 0.3398 = 3.4814

A= f:: % [(3+ 35in0)? — (2)?] b

(R

34814
f 5 + 18sinf + 9sin’(6)do
0.3308

(R

3.4814 9
f 5 + 18sinf + —(1 — cos(26))df
0.3308 P
1 1.4B14 9
= - f — + 18sinf — —cos(26)d#
2J pams 2 2

= 33. 7074sq. units

3.

2 — staray
¥

et 0

(0,0)

(a, 0)_’




5. Find the area inside the inner loop of » = 3 — 8 cos#

3 —8Becosfl =0

cosb = 3 = 6 — cos 1(§)=1.1864
8 8

f = 27 — 1. 1864 = 5. 09680 = —1. 1864

11864 1
A= f =(3 — 8cos#)’df
11864 2

] flasee
== f 0 — 48cosf + Gdcos?(#)dA
2 J 11884
| L6
= —[ 9 — 48cos8 + 32(1 + cos(26))dd
2 J 11864

| fl1see
== [ 41 — 48cosf + 32 cos(26)df

2 J 11864

= 15. 2695 sq. units

ARC LENGTH

6. Find the length of the line segment given by the equation y = 8x + 4 fromx = 2tox = 5.

2
y=8x+4 L=g (L) =64 3
b dy\? :
S=[ J1+(=2) dx #
¢ (M) =T ©,99)
5 T
= J- v1+ 64dx =T
2 20 .ﬁ»eﬂ"'

5 75
=65« ae
o |
= [V65(5)] - [V65(2)] ”]
"'»j- |0.‘|§
= 24.18677 units 7§ﬁ ' ;J' 35 qi 6’
s,

w

7. Find the length of the curve r = 3(1 —cos @) from @ =0to € = —.

2

Solution:
2] r
0 0
30° 0.402
60° 1.5 .
90° 3 o
*

S= f;’f 2+ (g—;)2 do

3
r=3(1—cosh); r2=9(1—cos@)? =9(1—2cos @ + cos? 0) 8. Determine the lengthof y = 2+ 4x2, 0=x<3.
dr ) ary? s - 2 & _ oz ay? _

-5 =3(sin6) (E) =9sin2d y=2+4x reialt (.zx) =36x

™ 2
§=JZV9—18cos0 + 9cos26 + Isin? 8- d6 o1+ (%) - ax
=J2\/9—18cos6 +9(1) db

T
= [ZV18—18cosf - db

= —3.5147 units



= [JVI+36x-dx u=1+36x

="Vt u=1+36(0)=1

1 0109 L
=—[ " uzdu
3671

109
1 2 2|
= —-qyz-—
36 3l

_ 2
108

= 21.0554 units

[1093 - 15]

du = 36x dy =2

36

u=1+36(3) =109

9. Determine the length of the curve x = %(y2 + 2)?, 1<y<2.

d 2
) =207 +2) =yt +2y?

1 2 d
x =30+ 49> ﬁ:y y2+2
[ 1+(d—")2d
c dy y
ff\i1+y4+2y2dy
O+ 1)2dy
<

@9, 2)

)

[o.qqa/
4 i i s
I v T

i

(49097

= [fy? + Dy

24)-(241)

= 3.33333333333 units

10.Find the length of the curve x = %\/} (y—=2)fromy=0toy=3.

=3y -2

1 1
;y:(y=2)

I

I
T

I
=

(&) = ¢y=o -y

dx2 1

(&) =3 o-v°

fcd fl + (%)2 dy

=Jy [+ -2 dy




= a0 - vy

=J; Ji)f‘l(‘ry +(y? -2y +1)dy

=I5 \Eyfl(yz —2y+1dy
_1p3 -2
=2 [,y + Ddy
3 1 1
=30 +y D) dy
12 2 LT
*;Ey*+W'ﬂk

1 2 1,3
=§y2+y2

0
= (é(s)i + (3)3‘) - (§ (0)5 + (0327

= 3.4641 units

PAPPUS THEOREM -

1. A— 4(43:—:.32)@ 3. A:fu sin zdr =[— cos z|= 2 2
’ rdind
1 w
=[2$2—§$3} ﬁA:f %smz:ﬂdm
0
64
2 . B
3 §A=f l.l cost’dx
_ o 2 2
-3 :
4 =
A 1 ) 4
yAffo 2(4:.:‘ m)da: . SRR A
_ n T, T
4 7-1-2 @o-(3.3
- f %(1632—8m3+$4)d3 2 8 (2 8)
1]
_ 256 4. Find the intersection of the curves
15
1
256 — —p2
_ 256 y= =z
V=5 2
N y 1(1y2)2
_8 (o 8 ~32\3
=g (,y)—(z 5)
1 4
R ) v= 3V
2. gA— = (\/Rz—f) dz
r2 4
Sy=y
|
—2]; E(Rg—a:g)dz 0=1y*—8y
_ 3
—R? 133_21%3 0=y -8)
’ ’ y=0o0ry=2 1
2
_ 3F ,
e A—f (\/ﬁ——xﬁ)da: :
0
iR
= 0, — V2 4
(z,v) ( : 3?r) RN B
V =2myA 8 4
(4R (=R 38
YA 4
3 i ‘
4 o



5. Find the points of intersection of the curves
?=z+2 FA = / —[[$+2)2—(m2)2]dz
22-—z-2=0 2
(z+1)(z—2)=0

r+1=00rz—-2=0

36
r=—-1lorzxz=2 -5
2 2y 5 g
A=/ [(m+2)—$2]d:z f=%=§,§=%=g (f,§)=<
S 1 2 2

8 1 1
:(2+4—§)—(§ 2+3)
0 ?
2

2
TA = f z(z + 2—:.':2)532:
1

2
TA = f (2 + 2z — 2°)dz
1

e (4o

-] -0 6.5 t  I§ o

PAPPUS THEOREM 2

| e

2 2
6. Determine the volume generated by rotating the curve 16x~ + 4y = 64 about the line
4x + 2y = 11.

- Y
16x° + 4y° = 64
22 k
T+ 16~ ! \V'ﬁ“(ﬂ\fl: od
a=2
b =4 ¢2:0)
V = Ax2nz
A = nab z = %
A’ +B
.
— 1_[(2)(4) — 4U!+2 0!*]1
/442"
= 8n = 2.45967477525
V = Ax2nz

(8T)x2m(2. 45967477525)
= 388.42




7. Determine the volume of the solid obtained by rotating the region bounded by x = (y — 4)2, the
x-axis and the y-axis about the x-axis.

x =(y—4)2

radius = y

width = (y — 4)2

Ay = 2n(radius)(width)

Ay = 2n(y)(y — 4)2

Ay = 2n(y’ — 8y" + 16y)
y=20 y=4

V = cdAydy

Vv = 042n(y’ — 8y" + 16y)dy

= 2nydd — 8y33 + 16y2204

= 2my44 — 8y33 + 8y204

= 2m(4)44 — 8(4)33 + B(4)2 — 2m(0)44 — 8(0)33 + 8(0)2

= 134.0412 cu. units

8. Determine the volume of the solid obtained by rotating the region bounded by y = xzf;, x = 9and
the x-axis about the x-axis.

y=1x
2
xX=y
AW) = 2n(r)(2)
= 2n(»)@ - )

= 2n(9y - ¥")

d
vV = [ Ap)dy

9 4y 3
= an(%- -4
0
HONENON JONERON
[z - 5| - [an{e - ]

= 127.2345

9. Determine the volume of the solid obtained by rotating the region bounded by y = 9xandy = J/:3
about the y-axis. For this problem assume that x > 0.

x3=9x x3—9x=0

xx2 —9 =0

x=0 x=+-13

radius = x height = X — ox



Ax = 2n(radius)(height)

Ax = 2m(0)(x — 9x)

Ax = 2n(x" — 9x")

V = abAxdx

= 032n(x" — 9x%)

= 2m(x55 — 9x33)03

= 2n(3)55 — 9(3)33 — 2m(0)55 — 9(0)33
=— 203.5752 cu. units

10. Determine the volume of the solid obtained by rotating the region boundedbyy = 3x + 2,y = 1
and x = 2 about the line y = 10.

Radius = 10 —y  Width = 2 — %(y -2)
-8 _1
=3 7 3Y

A(y) = 2n(r)(z)

= 2n(10 - y)( 5 - 5v)

=10
= 2m(10 — y)[ %—%y) @) L
= 2n(H)(80 - 18y +y7)
. o
d o581 1249) '
V=fA(JP)d)’ A/ s | o
c LY T A
8 1 2 +=2
= [ 2n(5)(80 — 18y + y)dy
1

= 211(%)[803} L yT]|8

1

= [24%)[80(8) Ui %ﬂ - [Zn(%)[ﬁﬂ(l) - By %]]

9801
9

CIRCULAR DISK METHOD

6. Given the area in the first quadrant bounded by x*=6y, the line y-2=0 and the y-axis. What is the
volume generated when the area is revolved about the line y-2=0.

x = 6y y—2=0

Y= y=2

2

-

Yu—Y1=2—6

X = 6(2) x = j\/ﬁ X2 = i\@




12 2 \2
= f () ax o\
0 a4
fiv}z 12° — 242" + xV)dx
=35 ( — 24x +x )

0

[y -2 - [ - 2+ ]

= 23.2166

7. The area bounded by the curves x*=y and the line x=4 and the x-axis in the first quadrant is revolved
about the y-axis. What is the volume generated?

2 2

x v x =4 4 =y
x = \6 xz =y 16 =y
(=410 SIE L)
‘2 3
V=mn (xR — x{)zdy i | i
Yy i é
16 3 1
= [4 7\/3_’) dy 4+ A
0 =
16 ¢ + qu;\ +
=nf16 —ydy | *=*
0

= f{lﬁy - )T]I:’
o~ 2] {o- 2]

= 402.1238

8 Determine the volume of the solid obtained by rotating the region bounded by x=y>-6y+12 and x=7
about the y-axis.

x:y2—6y+12

7=y —6y+12 ik

|

Y6y +12-7=0

=
\

L
5'{” s (#)

Y -6y +5=0 q — %

¥ =50 -1 0T G %1

y = 5’ y = 1 b —

(7,1), (7,5) V= (=)
|



2

'rrj an’- (v - ey + 12)
1

5
'4 _ ,3 !2 _ .
n{[49 - (}- 12y° + 60y — 144y + 144]]

5
4 3 2
nf—vy + 12y — 60y + 144y — 95
1

5 5 4
k h 5 2
= nf(— L+ 2 - B 144y” - 95y)] 175
1

'5
n(— L+ 3y" - 200" + 72" - 951175

[n(% +305)" — 200)° + 72(5)° — 95(5)] — [n(— % + 30 — 200 + 72(1)° - 95(1)]

=L 0or361.9115

9. Determine the volume of the solid by rotating the region bounded by y=9-%%, x=-3, x=3 and the x-axis
about the x-axis.

y =9 —x
.\':
V= ﬂj}-‘zdx
.\'l
? 2
= 'rrf(9 —x )dx

-3

3
2 4
— 18; x|d;
'rr_f3(81 18x + x) X

18x°
3

m(8lx —

5
+-)]. — 373

c 3
n(81x — 6(3)° +5) 1,

[ﬂ(Sl(S) — 6(3)3 +(_T3]5)]— Hm(— 3)— 6(— 3)3 +%)]

1296m

=—— or8l4 3005

10 Determine the volume of the solid obtained by rotating the region bounded by y= 6-x%, x=3, x=-3 and
the x axis about the x axis.

2

y=6-—x
.\':
V= 'rrfyde
.fl
? 2
= "nf(6 —x )dx

3
_ B 2, 4
= 1'[_]3(36 12x + x )dr

122°
3

5
= ﬂ(36x - + XT)L — 373

- n(a(n — 4’ +XT:)]_ — 313

= Hss(s) —4(3)° +(‘T3]5)]— [ﬂ(%(— 3)— 4= 3)" + (_Ts)s)]

_ (%sn

g )o-r 193.2



CYLINDRICAL SHELL METHOD

6. Find the volume of the solid obtained by rotating about the x-axis the region under the curve
y =+/xfrom0to 1.

1 . 1 .
V= { e -y = Zn{ (v —y)dy

2 4 1
=mid -4 J
0

2

7. Find the volume of the solid obtained by rotating the region bounded by y = x — x'and y=0
about the line x = 2.
%

1
V= [2m2 - 0)(x — x)dx 2
10 \/ = f-% :
=/ 21r(3c3 -3+ 2x)dx

0

4

= 211[’7 -+ xz]

I
2

8. Find the volume of the solid obtained by rotating about the y-axis the region between y = x
andy = X

1
V = [@m)(x — x)dx
0

1
= 21Tf(x2 - x3)dx
0

x3 x‘ 1
ZTT[T - TJ-
9 _

L
6

9. Find the volume of the solid obtained by rotating about the y-axis the region bounded by
y=2x2—x3andy= 0.

2
V = [(2m0)(2x" — x)dx
0
2

= 2nf(2x" — x"Ydx
0

1 4 1 .5
2nlx - 5%

o —

32
= 2n(8 — )

=5



10. Find the volume of the solid generated by revolving the triangular region bounded by vy = x,v = 0,

and x = 2 about thelinex = 3.
2

V=2n[(3 — X)xdx
0

2
2nf(3x — xzj dx
0

2
2 3
2m [%x — %x i

0
222" -+’ - 0]
20m
3

)I A
y=x
Y fr--~---

Rd

e

VARIGNON'S THEOREM

1

MIZ

sz =J’chv ; T=T

O o=
woe

9

9
V= 2?([ xydx = erf x(3 — y)dx
0 0

M, =jndv - anq(3;y)(X)(mdx
(1]

M,, = 381.70

M,; 38170

Vv 152.68
=2.5

=<l

3. Solving for A

dA = ydx

il 6 X
fydA=fy(3-3)dx
A= |3r—§|;;

A= Iz(m—il"

A=9sq units

2. A:ﬁ“(\/m)dx

Solving for ©
A% = [ XcdA
Ax= [fx(3-%)ax

A% = j;:’(fix - '_—] dx

ax? I! :
A= -S1G
9% = 18
X= Zunits

Centroid: (2,1)

JEdz
= \/Ef z\/Tdz
1]
B 2a2b
5
2a%b
3

Saolving for v
Ay = [ YedA

Ay

LG5 G-
~ 1k x?
Ay::j;l(‘}-3x+7}dr
= Lrc 32,16
Ay-;[)r—zx +U|u

¥ =3(3)

¥ = 1unit

[
l'_u'l|g



Mx = j'ycda:yr::%
= L'(%)}‘dl
=3Jy yidx

= %j’;(sinzx]dx

A=[ ydx

=J: sinxdx

=[—cosx]
A=2
My = j::xcd‘a;xc =x
= Jy xyda
= I; xsinxdx

u=x ;dv=sinx

=%j:(l_‘;;’h)dx du =dx ; v=—cosx
= %(;5— (2) (%)dx = —cosx — [ —cosxdx
1 x sinilx .
=sG——) = [—xcosx + sinx]
Mx =%[2) = —mcosm + sinm + 0 — sin0
= m _
=3 =
7=
_)‘
B
d: (Z. 7
Centroid : (2, 8)
5.F,=725N-cos372=579.0N r,=3.5m
F,=—725NN-sin372=-436.3 N r,=6.0m

Mo =F,-r,-sin90°=579.0N-6.0m=3474N-m
Mg, =F, -r,-sin(-902)=-4363N-35m-(-1)=1527.05N - m

MO =M Ox + M Oy = 5001.05 N - m perpendicular to the plane and in a clockwise direction.



CENTROID OF SOLID
REVOLUTION

6. Determine the centroid of a solid generated by revolving the region bound by y = x*+3,x=0, y=

0, and x = 3 about the x-axis.
:x4+3,x:0,y:0,andx:3
Mass
m= [ (x* +3)2dx My = [} x (x* + 3)2dx
=f03xa+6x"+9dx =f03x(x3+6x"‘+9)dx
x?  6x® 3 3
;+T+9x|“ = [, 2% + 6x° + 9x dx
9 5 10 6 2|3
= [ﬂ 6(3) +9(3)] [(0) 6(0) +9((}}] =X &
9 10 6 2 lp
12528 _ [0 | e3¢ 9(3) ] [(0)10 6(0)6 9(0)2
s T = 6 6 Er
_ 33372 , 12528
5 s
_309
T 116
Centroid
— — _ {309
(xy) = (116, )

7. Determine the centroid of a solid generated by revolving the region bound by y = 5 — x2, x = 0 and

y = 0 about the y-axis.
y=5—x2 y=5—x2
x?=5-y =5-(0)? _—
x=,5-y yv=5
x=,5=-y a=0,b=5 & 1
Mass
5 5
m= [(/5-y)*dy Mx = [y(/5—¥)*dy
5 5
=[,5-ydy = [y y(5=»dy
_ v — (5., a2
=5y -7, = [, 5y —y*dy
2 2 2 315
_ &) _ _ o 5 _ ¥y
_[5(5)_ 2] [5(0) 2] 2 31
25 — [562 _ ] _ [ _ (@
T2 _[ 3] [2 3]
125 _ 25

[} 2



Centroid

w

8. Find the centroid of the area bounded by the parabola y? = 4x, the x-axis and the line x=4.

y2 = 4x x=4 /‘?"-1'“'\
fx=0 y=0 : L
x=4 y =414 T .
a (o,8) ) s R
1 —x
A= .r; yedx Ax = fxcen(yc)dA Ay = chen(yc)dtq
1 1
= _[04 2xzdx = f;x(ZxE)dx = f;%)’c (yc)dx
4
=280 = [ 203dx =1yt ax
2 3 2 3 2 3 4 1 r4
= [20@)] - [26@n] =200, =2 4xdx
. 5 5 4
= % 5q. units = [Z(EJ (42)] - [2(2)((0)2)] =J, 2xdx
128 | 32 ot 4
=% 7% =269,
_ 1z _ .24
== = x?|
- 42 — 02
=16+
=3
Tz
Centroid
@ =3

9. Find the centroid of the first quadrant region bounded by the curve y? = 3x, the y=axis and the lines
y=3 and y=6.

y? =3x

¥
X =73




Y. = Y i Y.
A= fy: (xri_ght - xleﬁ) dy X = fylz x.dA Y= fy: v.dA

yz
— 6 _ (e Z (¥ _ 6. (¥
=) 5 dy = 3%(?)‘1}’ _fgy(?)dy
_»° _ (8Y°
T3, 3 mdy = J; 5 dy
=[] - [ _ ﬁ|5 _°
N ETES) 3(3) T 18(5)lg OIS
_ (6)° (3)° 6)°*] _ [@*
=21 13(5)] 13(5)] 3(4)] 3(4)]
=822 =3 .21

10 4

z79 135

70 28
Centroid

279 135

x5 =0Gr.55)

10. Find the centroid of the region bounded by the curves y = x?> and y = 12x + 1.

x2=12x+1 y = x? y = x?
x2-12x—-1=0 y = (—3)? y = (4)2

x+3)x—-4) y=9 y=16
x=-3 x=4
(—3,9) (4,16)

A= _r:f(yupper - YEnner)dx

= [*((2x + 1) — x2) dx

= [ (=x? + 12x + 1) dx £ = [ x(—x? + 12x + dx
= 2 T 3 2
=—?+12?+x|_3 %= ["(—x® + 1222 + 1x)dx
— 2 ext o __xt e et
=-Z 4 6x +x|_3 =Ly
4
=[-8 + @] - [- X+ 6(-3)7 + (-3)] = Zrae+Z
56 (4)* 2, (? 3)
=3 = [~ a4 + G - [-CF a3+ G
IECZE
T 4 o3
_ 555
==

3z
Ay = [;?yedA
y= f_g%((IZx + 1)+ x?)(—x? + 12x + 1)dx
=20 02x + 1) - (x?)?]dx

= %J’L[Milxz + 24x + 1 —x*]dx



1 f1a44x3  24x? X3
== + 5 b x - —)|
2 ( 3 2 5/1_3

4

_ 1 (144x3
T2

24X
3 +12x* +x 5)|_3

2

= [ 4 120092 + (4) - )] - [2 (B 4 12¢-3) + (-3) - )]

_ 10514 _ 56
T 5 T3
2253

T 20
Centroid

555 2253

(f,f)z(g, 20)

MOMENT OF INERTIA OF PLANE
FIGURES

6. What is the moment of inertia of the area in the first quadrant bounded by the curves y* = 8x, x-axis
and the line x = 2 with respect to the x-axis?

yi=8x x=2 y?=8x (ﬂ.ﬁ
) . At
I = [ y*(x, — x)dy y: =8(2) w
—(v2(o_ ¥ _
L=[y(2-%)dy y=4 Ay
4 4 i (949) " .
I, = f 2y? - dy i t t =~
0 8
2y
3 83|,
=[ﬂ_ﬁ]_[ﬁ_ﬁ = s .
3 8(5) 3 8(5)
=22 0r 17.06667

7. Find the moment of inertia of the area bounded by y = 0, f(x),x = 0and x = 15, f(x) = x> +
6x2 — 4x + 5 with respect to the y-axis.

fx)=x3+6x*—4x+5 x=0 x =15 . LYS /,{ﬂ
t’y=jx2(y)dx

15
I, =f x2(x® + 6x? —4x +5) dx
0

I, = [5(x5 + 6x* — 4x® + 5x2) dx T L7 &
oot et at | se)s
Y76 ' 5 4 ER e
15° 6(15)° 4(15)* 50153 [0° 6(0)° 4(0)* 5(0)°
_[@9° 6(15° a5y sasy)| [0° 60)° 4 50)
6 5 4 3 6 ' 5 4 3
5529375

== or 2.8 x 106



8. Find the moment of inertia of the area bounded by the curve x? = 3y, the line y = 3 and the y-axis
on the first quadrant with respect to the x-axis.

x2 =3y x% =3y y=3
y=-%  x=3@3)
x=3
=jx2(f(x))dx

:f03x2 (3—3;—2)61:}(
:f03(3x2 —%)dx

3

_3x% o«

3 36,

5

:[3(3) (3)] [3(01 @]
3(5) 3(5)

54
=< or10.8

9. Determine the moment of inertia about the x-axis and the y-axis of the area bounded by y = 0.75x2,
the x-axis, and x = 4.

y=075x* x=4 y = 0.75x2
_ 2 2 _ _ Y
y = 0.75(4) X =L i :
b i
1 T 1
— (-2 T |
y=12 * 7( 0.75) Tn—

£
N
Tt

L, = [y*(x, — x))dy L, = [ x*(y)dx )

1 g
= [1%y? (4 - (u”?)z) dy = [ x2(0.75x% — 0)dx ¥
5
s . A
— (025 oy - RS
7
5,12
_ w2 _aspt
T3 73 o T,

7[4(12)3 4(12)2 [4(0)3 4(0)2]

3 Y 3 73 - [3(4)5] [3(0)

20

2304

r329.143 = Lg“ or 153.6

10. Determine the moment of inertia about the x-axis and the y-axis of the area bounded by x* = 6y,
and the y = x.

= 6y y=x x% = 6y
y? =6y x=6 v
y=6 > bj )
PI(6,6)

by

L = [ yc*dy Iy = [ x2dy ¥ ) '

6 1 6 2
= ;v ((6y)7 —y)dy = [ix (x-%)dx




5
foﬁ\/gyE —y3dy = fc.ﬁ (x3 - x?) dx

7 6 6
_ 2/6yZ _ y* _xt_ x5
7 4, 4 605,
7 7
I OO M I EE OO - [ﬁ_r_s] _ [ﬁ_i
- 7 4 7 4 “la 63 4 6(5)
= 33—“ Or 46.286 = 3—2‘* or 64.8









